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Toda SystemNoneperiodi
 Toda system � the system of n parti
les on a line with the intera
tionsbetween neighborhoods.
H =

n
∑

i=1

1

2
p2i +

n−1
∑

i=1

exp(qi − qi+1), (1)where pi � momentum of the parti
le, à qi � its 
oordinate. Poisson stru
ture
{pi , qj} = δij , {pi , pj} = 0, {qi , qj} = 0. (2)Flas
hka's variables

bi = pi , ai = exp
1

2
(qi − qi+1), (3)

H =
n

∑

i=1

1

2
b2i +

n−1
∑

i=1

a2i . (4)
{bi , ai−1} = −ai−1, {bi , ai} = ai . (5)



Lax representationToda system has the Lax representation
L
′

= [B,L], (6)
L =











b1 a1 0 ... 0
a1 b2 a2 ... 0
0 ... ... ... 0
0 ... an−2 bn−1 an−1
0 0 ... an−1 bn











(7)
B =











0 a1 0 ... 0
−a1 0 a23 ... 0
0 ... ... ... 0
0 ... −an−2 0 an−1
0 0 ... −an−1 0











≡ L>0 − L<0 (8)(6) is 
ondition of the 
ompatibility of the system






LΨ = ΨΛ,

∂
∂t

Ψ = BΨ,
(9)where Ψ ∈ SO(n, R), L is symmetri
 matrix, Λ is diagonal matrix. Dimension of thephase spa
e is 2(n − 1). This system is integrable with the integrals of motion

Hk =
1

k
TrLk , k = 1, n. (10)



Generalization. Full Symmetri
 Toda System
L =









a11 a12 ... a1n
a12 a22 ... a2n
... ... ... ...
a1n a2n ... ann









,

B = (ψΛψT )>0 − (ψΛψT )<0 =















0 a12 a13 ... ... a1n
−a12 0 a23 ... ... a2n
−a13 −a23 0 ... ... a3n
... ... ... ... ... ...
... ... ... ... ... an−1n

−a1n −a2n −a3n ... −an−1n 0















.(11)This system � named Full Symmetri
 Toda System � is integrable too. But thenumber of the isospe
tral integrals of motion is not su�
ient for the integrability.



Integrability. Chopping pro
edureP. Deift, L. C. Li, T. Nanda, and C. Tomei, The Toda �ow on a generi
 orbit isintegrable, (1986)
L =









a11 a12 ... a1n
a12 a22 ... a2n
... ... ... ...
a1n a2n ... ann









(12)De�ne the set of the 
hara
teristi
 polynomials
Pk(L, µ) = det(L − µI )k ,

Pk(L, µ) =
∑n−2k

m=0 Em,k(L)µ
n−2k−m , 0 6 k 6 [n/2],

(13)matrix (L − µI )k of the order n − k, whi
h is obtained by the 
utting the number of kupper raws and k right 
olumns of the matrix (L− µI ), [ ] � integer part. Thefun
tions
Im,k =

Em,k(L)

E0,k (L)
, 0 6 k 6 [

1

2
(n − 1)], 1 6 m 6 n − 2k (14)de�ne [ 1

4
n2] integrals in involution on a generi
 orbit of dimension 2[ 1

4
n2]. Theseintegrals are fun
tionally independent.



New way to 
onstru
t the integrals
Jk1,k2 =

A
(k1)
n−m+1,...,n

1,2,...,m

A
(k2)
n−m+1,...,n

1,2,...,m

. (15)Minor A(k1)
n−m+1,...,n

1,2,...,m

is the left lower angle minor of Lki = L · L · ... · L
︸ ︷︷ ︸

ki



Example. N=4
L =









a11 a12 a13 a14
a12 a22 a23 a24
a13 a23 a33 a34
a14 a24 a34 a44









, B =









0 a12 a13 a14
−a12 0 a23 a24
−a13 −a23 0 a34
−a14 −a24 −a34 0









.

L
′

= [B,L].

L = ΨΛΨ−1, aij =
4

∑

k=1

λkψikψjk .

LΨ = ΨΛ, ⇒ (LkΨ = ΨΛk ) ⇒ akij =
4

∑

l=1

λkl ψilψjl

(a
(k)
14 )

′

= (a44 − a11)a
(k)
14 , a

(k)
14 = λk1ψ11ψ41 + λk2ψ12ψ42 + λk3ψ13ψ43 + λk4ψ14ψ44.

(A
(k)
34
12

)
′

= (−2(a11 + a22) + TrL)Ak
34
12

,

A
(k)
34
12

= (λk1λ
k
2 + λk3λ

k
4)M 12

34
M 12

12
+ (−λk1λ

k
3 − λk2λ

k
4)M 12

13
M 12

24
+ (λk1λ

k
4 + λk2λ

k
3)M 12

23
M 12

14
.



Example n=4. IntegralsThe dynami
s of Ψ








ψ11 ψ12 ψ13 ψ14
ψ21 ψ22 ψ23 ψ24
ψ31 ψ32 ψ33 ψ34
ψ41 ψ42 ψ43 ψ44









′

=



























(−a11 + λ1)ψ11 (−a11 + λ2)ψ12 (−a11 + λ3)ψ13 (−a11 + λ4)ψ14

(−a22 + λ1)ψ21− (−a22 + λ2)ψ22− (−a22 + λ3)ψ23− (−a22 + λ3)ψ24−

−2a12ψ11 −2a12ψ12 −2a12ψ13 −2a12ψ14

(−a33 + λ1)ψ31− (−a33 + λ2)ψ32− (−a33 + λ3)ψ33− (−a33 + λ4)ψ34−

−2a13ψ11 − 2a23ψ21 −2a13ψ12 − 2a23ψ22 −2a13ψ13 − 2a23ψ23 −2a13ψ14 − 2a23ψ24

(a44 − λ1)ψ41 (a44 − λ2)ψ42 (a44 − λ3)ψ43 (a44 − λ4)ψ44



























TrL,
1

2
TrL2,

1

3
TrL3,

1

4
TrL4, I1,1 =

a
(2)
14

a14
, I2,1 =

a
(3)
14

a14The dimension of the phase spa
e is 8. But there exists additional integral
J =

A
(2)
34
12

A 34
12

,whi
h 
ommutates with 1
k
TrLk and do not 
ommutates with I .





Main TheoremsIn general 
aseTheorem 1In matrix Ψ ∈ SO(n, R) the interse
tions of the �rst upper k < n rows or �rst lower l < n rows with anyset of k or l 
olumns a

ordingly are semi-invariants with regard to the a
tions of 1-parametri
subgroups indu
ed by 1
d
TrLd , d ∈ N. Equations of motion (M, M̃):
∂

∂td−1

M 1,2,...,k
i1,i2,...,ik

= (−
k

∑

j=1

a
(d−1)
jj

+

ik
∑

im=i1

λ
d−1
im

)M 1,2,...,k
i1,i2,...,ik

,

∂

∂td−1

M̃ n−l+1,...,n
i1,i2,...,il

= (
n

∑

j=n−l

a
(d−1)
jj

−

il
∑

im=i1

λ
d−1
im

)M̃ n−l+1,...,n
i1,i2,...,il

.Theorem 2Minors of Lk A
(k)
n−m+1,...,n

1,2,...,m

, n > m are semi-invariants with regard to the a
tions of 1-parametri
subgroups indu
ed by 1
d
TrLd , d ∈ N.

A
(k)
n−m+1,...,n

1,2,...,m

=
∑

i1,i2,...,im

λ
k
i1
λ
k
i2

· ... · λ
k
im

M 1,2,...,m
i1,i2,...,im

M n−m+1,...,n
i1,i2,...,im

.

Jk1,k2
=

A
(k1)
n−m+1,...,n

1,2,...,m

A
(k2)
n−m+1,...,n

1,2,...,m

.



Plukker's 
oordinates. Number of integrals
FLn(R) →֒ RP

n−1 × ...× RP
Cn
k1

−1
× ...× (RP

Cn
k2

−1
)∗ × ...× (RPn−1)∗,

1 6 k1 6 [
n

2
] < k2 6 n − 1.On ve
tor spa
e V n = R

n - basis {ei} and Plukker's 
oordinates
Xi1,i2,...,im = M 1,2,...,m

i1,i2,...,im

(ψ).Invariants
ϕ(M(ψ)) =

M 1,2,...,m
i1,i2,...,im

M n−m+1,...,n
i1,i2,...,im

M 1,2,...,m
j1,j2,...,jm

M n−m+1,...,n
j1,j2,...,jm

,Theorem 3The number of the fun
tionally independent integrals Nψ 
onstru
ted by M(ψ) isequal to
dimFln(R)− (n − 1).The full number of integrals in non-
ommutative family

Nn =
1

2
n(n − 1)− [

1

2
(n + 1)] + 1. (16)



Involution familiesIn the 
ase n = 4 there are two involution families. Ea
h of these families makes thefull Toda system integrable:� Iso-spe
tral Integrals Hk = 1
k
TrLk and Integrals obtained from 
hopping pro
edure,� Iso-spe
tral Integrals Hk = 1

k
TrLk and Additional Integrals.In general 
ase it follows from the analysis of the formula for full number of integrals

Nn =
1

2
n(n − 1)− [

1

2
(n + 1)] + 1,

Nn = NChev
n + NChopp

n + NAdd
n ,that

NChopp
n = NAdd

nSo, there are no more than two families in involution whi
h are possible to extra
t fromany full non-
ommutative set of integrals of the Full Symmetri
 Toda System. It doesnot eliminate the existing of many families in involution from di�erent sets of integrals.



Example n=5
Nn =

1

2
5(5 − 1) − [

1

2
(5 + 1)] + 1 = 8.

1

2
TrL

2
,

1

3
TrL

3
,

1

4
TrL

4
,

1

5
TrL

5
, I2,1 =

A3
51

a15
, I3,1 =

A4
51

a15
.

1

2
TrL

2
,

1

3
TrL

3
,

1

4
TrL

4
,

1

5
TrL

5
, J1 =

A
(2)
45
12

A 45
12

, J2 =

A
(3)
45
12

A 45
12

.


	Toda System
	Lax representation

	Generalization. Full Symmetric Toda System
	Integrability. Chopping procedure
	New way to construct the integrals
	Example. N=4
	Example n=4. Integrals

	Main Theorems
	 Plukker's coordinates. Number of integrals
	Involution families
	Example n=5

